Remark on Harnack-Type Inequalities for the Porous
Medium Equation on Riemannian Manifolds
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In this note, we shall give some local gradient estimates of Li-Yau and
Hamilton type for positive solutions to the porous medium equation

ou

on complete Riemannian manifolds (X, g) with Ricci curvature bounded
from below. As an application, we shall give some Harnack inequalities for
such positive solutions on complete non-compact manifolds. In particular,
our results improve recent work by Huang, Huang and Li [3].

1. Introduction

Differential Harnack inequalities for solutions to the heat equation are powerful tools
in geometric analysis and originated with the celebrated work [4] by Li and Yau, where
they studied positive solutions to the heat equatuon
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Agu
on complete Riemannian manifold (X, g) with Ricci curvature bounded from below

and derived the following gradient estimate for such positive solutions:

Theorem A (Li-Yau [4]). Let (X,g) be an n-dimensional complete Riemannian
manifold with Ric,(B,(2R)) > —K for K > 0. Suppose that uw = u(x,t) is a positive
solution to (1.1) on By(2R) x (0,T]. Then, on B,(R) x (0,T],

|Vul? u, _ C(n)a® [ o no’K no
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(1.2) u? “u R? a1 " B +\/§(a—1)+ 2t

where o > 1 is any constant and C(n) is a constant depending only on n.
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By taking R — oo in (1.2) above, we obtain the following global gradient estimate
for positive solutions to the heat equation:

Corollary B (Li-Yau [4]). Let (X, g) be an n-dimensional complete non-compact
Riemannian manifold with Ric, > —K for K > 0. Suppose that u = u(z,t) is a
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positive solution to (1.1) on X x (0,T]. Then, on X x (0,71,

|Vu|? U na?K na?

a— < + )
u? u - \2a—-1) 2t

(1.3)

where a > 1 is any constant.

By integrating the gradient estimate (1.3) along a space-time path, we may obtain
the following classical Harnack inequality:

Corollary C (Li-Yau [4]). Let (X, g) be an n-dimensional complete non-compact
Riemannian manifold with Ric, > —K for K > 0. Suppose that v = u(x,t) is a
positive solution to (1.1) on X x (0,T]. Then, for any x1,22 € X and 0 < t; <ty < T,

u(@,t1) < u(ws, 1) (;2) exp{ na M}
1

—(ty —t1) +
Ala—n 2 T 0w )
where a > 1 is any constant and dist(xq,x2) is the distance between x1 and x.

On the other hand, Hamilton [2] proved the following gradient estimate for positive
solutions to the heat equation, which may be compared with Corollary B above:

Theorem D (Hamilton [2]). Let (X, g) be an n-dimensional complete non-compact
Riemannian manifold with Ric, > —K for K > 0. Suppose that u = u(z,t) is a
positive solution to (1.1) on X x (0,T]. Then, on X x (0,T],
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2. Results

Recently, several generalizations of the heat equation have been studied. In this talk,
we shall study the porous medium equation

(2.1) % =Agu", m>1,
which is a non-linear extension of the heat equation (1.1). The porous medium equation
(2.1) is of great interest due to their importance in mathematics [1, 7]. For various
values of m > 1, it arises in different applications to model diffusive phenomena such as
groundwater infiltration (m = 2), flow of gas in porous media (m > 2), heat radiation
in plasmas (m > 4), liquid thin films moving under gravity (m = 4).

Li-Yau type gradient estimates for positive solutions to the porous medium equation
(2.1) were first proved by Lu, Ni, Vazquez and Villani [5].

Theorem E (Lu-Ni-Vazquez-Villani [5]). Let (X, g) be an n-dimensional complete
Riemannian manifold with Ric,(B,(2R)) > —K for K > 0. Suppose that v = u(x,t)
is a positive solution to (2.1) on B,(2R) x (0,T]. Put

n(m —1)
u", L=(m-—1 sup v and a=-——-—".
m—1 ( )B,,(m)x(o,ﬂ n(m—1)+2



Then, on B,(R) x (0,7,

|Vol|? v; _ C(n)ac®L m2aa? ac?  ac’KL
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where a > 1 is any constant and C(n) is a constant depending only on n.
By taking R — oo in (2.2), we obtain the following global gradient estimate:

Corollary F (Lu-Ni-Vazquez-Villani [5]). Let (X, g) be an n-dimensional complete
non-compact Riemannian manifold with Ric, > —K for K > 0. Suppose that u =
u(z,t) is a positive solution to (2.1) on X x (0,T]. Put

n(m —1)

u", L=(m-—-1) sup v and a=——"-—"".
m—1 ( )XX(O,T] n(m — ].) + 2

Then, on X x (0,T],

v vt a—1"
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where a > 1 is any constant.
On the other hand, Huang, Huang and Li [3] gave the following estimate:

Theorem G (Huang-Huang-Li [3]). Let (X, g) be an n-dimensional complete Rie-
mannian manifold with Ricy(B,(2R)) > —K for K > 0. Suppose that u = u(x,t) is a
positive solution to (2.1) on B,(2R) x (0,T]. Put

n(m —1)
u", L=(m-—1 sup v and a=———"-—"—.
m—1 ( )Bp(m)x(o,ﬂ n(m—1)+2

Then, on B,(R) x (0,T],

|Vol|? o C(n)L m2ac? :
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v v R (a—=1)(m—1)
(2.3)
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where a > 1 is any constant and C(n) is a constant depending only on n.

By taking R — oo in (2.3), we obtain the following global gradient estimate, which
improves Corollary F above:

Corollary H (Huang-Huang-Li [3]). Let (X, g) be an n-dimensional complete non-
compact Riemannian manifold with Ric, > —K for K > 0. Suppose that uw = u(x,t)
is a positive solution to (2.1) on X x (0,T]. Put

n(m —1)
u", L=(m-—-1) sup v and a=——""-—"".
m—1 ( )XX(()’T] n(m—1)+2

Then, on X x (0,71,
Vo2 v, _acd®  ad’KL
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where o > 1 is any constant.




Moreover, Huang, Huang and Li [3] gave the following estimate of Hamilton type:

Theorem I (Huang-Huang-Li [3]). Let (X, g) be an n-dimensional complete Rie-
mannian manifold with Ricy(B,(2R)) > —K for K > 0. Suppose that v = u(z,t) is a
positive solution to (2.1) on B,(2R) x (0,T]. Put

m _1 n(m —1)
v = u", L=(m-—1 su v and a=———7-—"".
m—1 ( )Bp(zR)Ix)(o,T} n(m—1)+2
Then, on B,(R) x (0,17,
(2.4)
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where a(t) = e** and C(n) is a constant depending only on n.

By taking R — oo in (2.4), we obtain the following global gradient estimate, which
may be compared with Corollary H above:

Corollary J (Huang-Huang-Li [3]). Let (X, g) be an n-dimensional complete non-
compact Riemannian manifold with Ric, > —K for K > 0. Suppose that uw = u(x,t)
is a positive solution to (2.1) on X x (0,T]. Put

m—1 n(m_ 1)
u", L=(m-—1) sup v and a=——-—".
m—1 ( )XX(()’T] n(m—1)+2
Then, on X x (0,71,

[Vu? a(t)ﬂ < aoﬁ(zﬁ)7

v v t

where a(t) = e*KI,

In this talk, we further study gradient estimates for positive solutions to the porous
medium equation (2.1) on complete Riemannian manifolds with Ricci curvature bounded

from below and shall improve Theorem G and I. Now, we state our results as follows:

Theorem 2.5 ([6]). Let (X,g) be an n-dimensional complete Riemannian manifold
with Ricy(B,(2R)) = —K for K > 0. Suppose that uw = u(x,t) is a positive solution to
(2.1) on B,(2R) x (0,T]. Put

n(m —1)
u", L=(m-—1 sup v and a=-——-—".
m—1 ( )B,,(m)x(o,ﬂ n(m—1)+2

Then, on B,(R) x (0,77,
(2.6)

[Vo]? WU < an? C(n)L m2aa? :
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where a > 1 is any constant and C(n) is a constant depending only on n.



By taking R — oo in (2.6), we obtain the following global gradient estimate, which
improves Corollary H above:

Corollary 2.7 ([6]). Let (X, g) be an n-dimensional complete non-compact Rieman-
nian manifold with Ric, > —K for K > 0. Suppose that u = u(x,t) is a positive
solution to (2.1) on X x (0,7T]. Put

m . n(m —1)
v = u" ", L=(m-—1) sup v and a=———-—"—.
m—1 ( )XX(()’T] n(m—1)+2
Then, on X x (0,71,
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where a > 1 s any constant.

By integrating the gradient estimate (2.8) along a space-time path, we may obtain
the following Harnack inequality:

Corollary 2.9 ([6]). Let (X, g) be an n-dimensional complete non-compact Rieman-
nian manifold with Ric, > —K for K > 0. Suppose that u = u(x,t) is a positive
solution to (2.1) on X x (0,T]. Put

-1
v = Lum_l, L=(m-1) sup v, M:= inf v and a= M
m—1 Xx(0,T] Xx(0,1] n(m—1)+2

Then, for any x1,x0 € X and 0 < t; <ty < T,

to\ Ta(a=D adist?(z, x acKL
U([L’l, t1> < U(ZL‘Q,tQ) (i) exp{ 4M(t2< _1 tl§> + 2(0{ — 1) (tg — tl)} ,

where a > 1 is any constant and dist(xy,x2) is the distance between xy and x.

Theorem 2.10 ([6]). Let (X, g) be an n-dimensional complete Riemannian manifold
with Ricy(B,(2R)) > —K for K > 0. Suppose that u = u(x,t) is a positive solution to
(2.1) on B,(2R) x (0,T). Put

mo n(m —1)
v = u", L=(m-—1 su v and a=——"7-—"".
m—1 ( )Bp(QR)E(O,T} nim—1)+2
Then, on B,(R) x (0,7,
(2.11)
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where a(t) = e** and C(n) is a constant depending only on n.

By taking R — oo in (2.11), we obtain the following global gradient estimate, which
improves Corollary J above:



Corollary 2.12 ([6]). Let (X,g) be an n-dimensional complete non-compact Rie-
mannian manifold with Ric, > —K for K > 0. Suppose that uw = u(z,t) is a positive
solution to (2.1) on X x (0,7T). Put

—1
v=—2 u™ ', L=(m—1) sup v and CL:M.
m—1 X x(0,T) n(m — ].) + 2
Then, on X x (0,T],
2 1 2(t
(2.13) Vol _ i < ac’(t).
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where a(t) = e*KL,

By integrating the gradient estimate (2.13) along a space-time path, we may obtain
the following Harnack inequality:

Corollary 2.14 ([6]). Let (X,g) be an n-dimensional complete non-compact Rie-
mannian manifold with Ric, > —K for K > 0. Suppose that u = u(z,t) is a positive
solution to (2.1) on X x (0,T]. Put

-1
u™ ", L=(m-—1) sup v, M:= inf v and a= M
m—1 X x(0.7] X x(0,T] n(m—1)+2

Then, for any x1,x0 € X and 0 < t; <ty < T,

at) — alty) ( dist* (1, 2) n ! a) } :

2KL AM(ty — )2 1+ala(ty) —1) &

v(xy,t1) < v(xg, ta) exp{
where a(t) = e*! 1t and dist(zy, o) is the distance between x1 and x.
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