Propagation of singularities for a system of semilinear wave
equations with null condition *
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Abstract approach to Schrodinger evolution equations
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On theL ,—Lq maximal regularity for linear thermoelastic plate equation
in a bounded domain
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Holder stability in inverse problems

for the Schrodinger equation
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{z €T;(x—m0) v(x) >0, 1o e R"\Q}00000,000000 Lipschitz
stability 00O O. 00O Bellassoued 110 000000000000 0O00OO
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0000,000000D0000000D000 logarithmic stability 00 0O O
O00O0000. Bellassoued [2]0,0000000000000000O0O0
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0 O O (stability estimate)
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ua(t,x) = ei(p(?m) (bO(ta‘/L') + Ebl(t7$) + 82b2(t,1') + - ) (2)

D0000000000000000000000000000000000000 ¢
D000D00«00000000000D00DO0
O0000000000000000000000000000us(t,z) = ®t2)/5q5(t, x)
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00 1. N>3,5>N/2+1,pe[loc, g€ [LN[DOD Y, (RY) := Co®Y) s
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0 Fourier 00000000 {r=¢}0000000000000000000
0000O00Airy000000 Fourier 000000000000000000
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00000000000000000 “method” 00000000000000
0000000000000 (0000 s<0)000000000000000
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vy = —Au+V(z)u— (|| *uf’)u, (t,2) € R' xR?, (1)

gooodoooooodooooo. ood,«xooooooooad.
000000 (1) 0 u(t,z) =€, 00000000000, 0000
Yo U
_A<Pw+(v+w)§0w_(|x|71*|90w|2) v, =0 (2)
ooooag.
000 (1) O Bose-Einstein 00 (BEC) OOOOOOOOOOOOO
000000000.BECOOOOO (1)oooOoOooooo

et =5 [ (v g [ [u@ @) 4, 4
u) = u u Y,
2 R3 JR3 |x—y|

0 ?000000000000000000000000 BoseOOO

000000000000 000O00o00. (Dooooooooooo.)
000, 200000000000000000000 L0000

gobobooooobobooooon.

00 1(00000).00000,00000000.
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Aschbacher U [1] 0 L2000 « 000000000, 000000
00 L*00000000000000 vVOOoDoooooooooo



00000.00,000000000 VOOOOOOOO0O0000,d
0000000 L2000 «0000000000000000000.
00,000000 VeC¥R%R) 0000000000,

(V1) 0 =inf,crs V() < lim,_o V() = sup,eps V(z) < 00,
(V2) 400000000, |8/ <3000,00r>00000|0°V(2)] <
C(1+ |z|).
gooooogoon,dgouooooooboooog.
00 1.0 a>00000, G, #0.
goooooooon.

00 1. «000000000. 0000, 20000 «a0000O0O
00D wed, 00000000 y,, eRP000,00000.
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OO00000 e>0000,00 oo 0000,000 a>a:.0 veg,
Oo00,«.0000000 v,0 6.,00000.000,
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O000000,000000 vOoOoOoOooooo Avioooooo
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000000000 Wang 2] 0000000000ODOO0OOOOOOO
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Troyer, Symmetry breaking regime in the nonlinear Hartree equa-
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2% + Apthy + M (2)r + ([ 4 Bliha|*)r =0 in (0,00) x RY, "
Z% + Agthy + Ao ()t + (Bl [* + paltha]*)ey = 0 in (0,00) x RY,

000 N=2,300 p,pu,A>0000000.(1)000000000000
000000000 ¢;(tz) =eviu,(z) 000D000000000. 00000,
00000000000000:

—Auy + Vi(z)ur = pud + Pugus in RY,
—Auy + Va(@)us = Buiuy + pauf in RY, (2)
uy, ug > 0, up,ug € H'(RY).

000, Vi(z) =X —A(2) 000. 000000 Vi(z)(j=1,2) 000000
ooo.

(V1) Vj(x) € CHRY),

(V2) 0<}RanVj gsﬂngw =V < 00,
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0000 m,ue >000000p>0000000000 (2)00000O0O0
O0000000Vj(x) =const. >0 (j =1,2)0000,00 0< b < By
00000,0<8< /4 000 /<A 0000 (2)0000000000
(Ambrosetti-Colorado [1, 2], Sirakov [3]).
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000000000000000000000O0. (2)0oDo0boooooood
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1 1
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1.‘0000 00000 (Remark 1).

2. 10 (PS)0O0DOOOODO.

000,70 (PS)000000O0O, (I(u,)X., 0000, '(u,) — 00000
0, (u,) 000000000000000. (VI)«(V3)0000000,000
oooo.

Theorem 1. (V1)(V3) D00O0. 0000,00 0<A <G 000000
noooo.

1.0<f<p 000 @D0D0000O.

2. <3000 (2)U0O00DOODO.

Theorem 100000000 NehariODOO MNOOOOOOOO M, Concentration-
Compactness Lemma 00 0. 00O, N, M O

N = {u= (ur,us) € (H'RY))* | u#(0,0), I'(w)u=0},
Mi={u=(u,u2) € M | us, upg #0, I'(u)(ur,0) = I'(u)(0,us) =0}

O0D0000.0ON, MOOO /000D000000OODODOO0OOOOOO.
oooo

by =infI, by =infl

woi= bl by = in
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Remark 1. v, =00000000 (2)O0
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0000Q c RYO LipschitzO OO OO0V = (9/dxy,...,0/dxy), A= SN, 0%/022 0
RY O spatial nabla, Laplacian 0000 [0,T) 0 0000000000000 A(x,t,§) =
(AY, . AN)(z,t,6) 0 Qx [0,T]x RO0O RNODODO0OOO0OO0O0O0O000 Bz téE)
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Critical Exponent for Logarithmic Nonlinearity of
Nonlinear Heat Equation

Shie NISHIKAWA

In [1], Fujita showed for the first time that for the initial value problem of the heat equation

on RN 5
8—? = Au + uP, u(0,x) = up(x)

there exists a critical value p* = 1 + 2/N such that for 1 < p < p* the solution for any
non-negative non-zero initial data blows up in finite time, whereas for p > p* the solution is
time-global for sufficiently small non-negative initial data. This phenomenum was extended to
many directions. Among others we mention Levine-Meier [2], who showed that in a conical
domain with spherical profile {2 the Fujita-type phenomenom occurs for the solutions of the
homogeneous Dirichlet boundary condition with the critical exponent p* = 1+2/(N ++), where
7 is the positive root of the quadratic equation 42 4+ (N — 2)y —w; = 0 and w; is the first
Dirichlet eigenvalue of the Laplace-Beltrami operator of the spherical domain (2. In this article
we consider the unbounded domains where p* = 1 in their theory. Namely, we wish to distinguish
cylindrical domains and a paraboloidal domains by employing a refined measure for the opening
and introducing a corresponding refined nonlinear term. More explicitly, we consider a domain
D of the form
xn > |29+ C,

with some ¢ > 1. Correspondingly, we consider the mixed problem for the equation

% = dutulloggu,  u(0,2) = uola),  ulap =0, (P)

where the new function symbol loggu in the non-linear term stands for the following one:

logu+1 for u>1,
loggu=9q __ 1 for 0 <u < 1.
1—logu

We make the convention that logg 0 = 0. The graph of this function is as follows:

graph of logg x

This is a monotone increasing and concave function. Notice that uloggu as well as u(loggu)P



for any p > 0 becomes convex, as is easily verified by a simple calculation: For u > 1
d? d? d _1
—u(logg u)? = —u(logu + 1)P = d—{(logu + 1) 4+ p(logu + 1)P7*}
U

du? du?
-1
= B(logu +1)P 4+ M(logu +1)P2
u u
= B(logu +1)P2(logu + p) > 0
u

For v < 1 we have

d? d? d 1
FE S S Y S

" du? (1 —logu)P " du (1—logu)? (1 —logu)rt!

1
B p N p(p+1) >0

w1 —logu)Ptt " u(l — logu)Pt2
Here we only consider non-negative solutions with non-negative initial data. Thus unless
otherwise mentioned, a solution will always imply a non-negative one.

Abstract result

First we adapt Meyer’s abstract criterion for finding critical exponent expressed in terms
of the decay rate of the solution of the linear heat equation to our logarithmic type case. In
the sequel, a (super- or sub-) solution will always imply a non-negative one unless otherwise
mentioned.

Consider the corresponding linear problem:
ou
i Au, u(0,z) = ug(z), ulagp =0, (Po)
We first give the following lemma modifying the one by Meier [3] for the case of fractional
non-linearity to ours.

Theorem 1) Assume that there exists a non-trivial super-solution W of (Py) which satisfies,
for some ¢ > 0 and C > 0,
£ (logg W () [loo)"* < C. (1)

Then a global solution of (P) exists.
2) Assume that for some non-trivial sub-solution W of (Py) we have

T ¢ (logg [W(t, ) )" = o, (2)

Then every solution of (P) blows up in finite time.
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0000,A0 {S(t);t>0}000000000000000 StzeD=D(A) (t>0)000
oooog,t>00000, (u(t+h)—u(t)/h=(SEt+h)z—S(t)x)/h = ()S(t)x S(t)x)/h —
AS()z (h 10) 00000, u:[0,00)—DOOOO0DM0, (d/dt)*u(t) = Au(t) (t>0) 000,
reDO00.000000,0000000000 u:[0,00)—DO0DDOO, (d/dt)*u(t) =
Aut) (t>0), w(0)=2z00000000000. v:[0,00) »DO00000O00DO000O
000000000, u(t) =SEw(0) (t>0)0000000000,000 (2.13) 000 (S3)
000o00o0.000,v:[0,0)—DO0O0O0O0O0OO0OOO0OOO0OOOOOOO.t>000,
FeC(0,t];R) O f(s):=|St—s)v(s)—S{t)w0)| (s€0,t]) D0DTIOO. se(0,t)I0ODO.

0000,s+h<¢t0000 A>00000,

)z (t>0)000000.
€D
(s

(F(s+h) = J(s))/h < |S(t = s — h)v(s + k) = S(t — s — R)S(R)o(s)||/h
< Lill(o(s + h) — v(s))/h — (S(h)o(s) — v(s)) /]

000,000 /20000 000000.000,D,f(s)<0(sef0,¢)00000,00, D,
DDmlmDDDD.DDD,f()_f(),DDw() S(tw(0) (t>0)00000.



3 0DO0boobooboobon

0000000,000000000000000000000000000. 00 2700
0,00000000000000000000000000000,000000000,000
A:D—- X0 DOOODO0OOOOO0OO0O0ODOO0OO0O0DO0OO0O0OO0O00O0O0000. 000
0,00000,000 ADOOO D(A)DO0000O0O0D0O00000000000 DOOOO
0,DA) cDcDA)000O0,0000000000000000000000000000
0,000 AD0OOOODOD,0000000000000000000000,000000
oooo.

000,000 A:D—-XOOOOOOOoooooooo.

00 3.1. D0 XOOOOOO,000 A:D—-XUOOOOODDODOOOOO. 00O Ao pboOoO
goooobooooooooboobboobobooboooooooobooOoD,00 L>0, M >m >0,
w>0,XxX0O00DOOOOOO vooooo,00000000000000000

(A1) [V(z,y) =V(&,9) < Lz =2+ lly —al) (=), (&,9) € X x X).
(A2) m|z —y|| <V(r,y) < M|z -yl ((x,y) € D x D).

(A3) liminfyo(V (z + hAz,y + hAy) — V(z,y))/h < wV(z,y) (x,y € D).
(A4) liminfyod(z +hAz,D)/h =0 (z € D).

000000,0000000000000000000,0000000000000000
00000000000,00000000000000000000000000000000
000000.00,00000,00000000 ug =0(ue)e —yu: 00000000000
0,00,000000000000 Kirhhof 000 uy = 8(|Jus]|?)ue, 0000000000
00000000, (00 [19),[18)000.) 00 (A3)0000000000000000000,
000000000000000000000000,00 [33],[44],[31]0000000000.

000,00000,0230000000000000000000000000000000.
00,0 230000000000000000000000000, (2.9), (2.10), (2.12), (2.11)
00000000 D,y V,AODOOD,A000000000000000000000000
0.0000000,00 (Al)00 (A4 000000000000000,A4:D—X000
00O00000000000000.

000, (211) 00000000000 A:D—X0000000000,00000000
00000000000 (Cl), (C2)00000.

(C1) (u,0) € D, (trvw) €D (1> 1), (1t 00) — (ur0) (n— 00) 00D, At ) — Alu,0)
(n—o0)00O0O.

00, (u,v) € D, (up,vs) €D (n>1), (un,vn) = (u,v) (n —00) DOO. (v, wy) = A(tun,vn)
(n>1)000. {(Wnk) Wnm)tozr O {(n,wp) e, 0000000000, (un,vn) € D
(n>1) 00000 {(Vamy,waw)}se, 0 X 00000000000, X 000000000
0000, {(Vng), Wnm) oz, 0000000 {(Wnk@)) Wnke))tizs OO0, (up,vn) = (u,0)
(n—o00)00000,000 we LAQ) 0000, {(Ungiy) Wnkn)} 2 00000 (v,w) O
0000000000, 000 ¢€ Q) 0000, (W, o) = (B(|Vtn|?) Atun — Yon, ¢) =
—B' (IVunl*){Vun, Vo) =y(vn,¢) 00000, n — 00 0000, (w,¢) = =5 (|Vul*)(Vu, Vo) -



v{v,¢) OOO. 00O, (u,v) € D(A) OO0, (v,w) = Alu,v) = A(w,v) DOO. OOOOOO
O000ooog, A(un,v,) = A(u,v) (n—o00) 000,

(C2) (u,v) € D, (un,vn) €D (n21), (tn,vn) = (w,v) (n— 00),
limsup,,_, oo ©(tn,vn)) < @((u,v)) 00O, A(up,vn) = A(u,v) (n—o00) 0O0O.

00, (u,v) € D,(tun,v) €D (n>1), (Uun,vn) — (u,v), imsup,,_,. ©((tn,vy)) < ©((u,v)) O
00. (v,w) = A(u,v), (vn,wn) = A(un,v,) (n>1)000. 0000,00000 AOODO
00, (vn,w,) = (v,w) (n—00)000. OO0, (tn,vs) — (u,v), limsup,, ., @((tn,v,)) <
e((u,v)),
o((u,v)) = BUVul?) + vl + B (IVul) [Voll* + 18 ([ Vul*) Au — yo|?
00000, {|Vu|} 000000000000000,
BUIVull?) + vl + lim sup(8' (| Vul ) [Voa* + [[wn |?)
< BUIVull®) + [[o]l> + B/ (IVul )| Vo] + [Jw]?

000, ((v,w), (6,4)) = F(|Vu|2)(Vo, Vo) +(w,) 0 X 0000000000000000
O, (Un,wn) = (v,w) (1 — 00), limsup, .. (B'(|Vul*)[[Vual* + [[wal?) < B'([Vul*)IIVo]* +
lw|2?000000000, (va, w,) — (v,w) (n—00)00000.

000, A:D—-X0O0O0O0O0OOOOO,0000000C00000,AQ000O0DODDOCOO
oboboooooboobooooo.oooboboooboobooooon.

0000 (H) XOUOOOooooo,Db0O XO00OOUOOoOoUo. ¢0 D(p)=D0O00O0O0O0O
oooo0opoQoQopoo. A:D—-X0OOOOOODOODODODDDDO.

(*) 2o €D (n>1),z€ D, z, — z (n — 00), limsup,_, p(z,) < () 000 Az, —
Az (n—o00)000O.

00o0oooooo,A000DO00ODO0ODO0ODO0ODO0ODOO0OOoDOoOooOoooOoon
oo 100000. HOOOOOOOOOO,ApoOoOOOoOoOoOoOooooooo,og, -A
gboooooooon.
0000 RUI-M)=H (A>0),
ooon (x—y,&—m) <0 (x,y€ D(A), £ € Az,n € Ay).

A'0 ADDOOOODDO,00,|||Az||| =inf{|y|; n€ Az} 00000,

A%z = {€ € Az; €]l = [[|Az][]} (2 € D(AY)),
D(A% = {2z € D(A); ||¢|| = |||Az||| 0000 €€ Az 00000 }

00000000000000.0000,4°0,00000000,000000000000
gboooog.

z, € D(A%), z¢€ DA, lim z, =2, limsup|A°z,| <| A
n—oo

n—oo

oo
lim A%, = A%z.

n—oo



00 3.2. 0000 (H)OOOOD.ecROOO.0000,A00000000
e(S(t)x) < e"p(x)  (z€D,t>0)

0000 POO0O0O0OO00OO0000 {S¢);¢>0}00000000000000000000
00,00 L>0,M>m>0,w>0,XxX00000000 VvOOOOO,00000 ()0
0 (v)00000000000

(i) V(zy) =V@E gl < Llz—-2l+lly—al) ((zy), (&9) € X x X).
(i) mllz -yl <V(z,y) < M|z -yl ((=,y) € D x D).
(ili) DyV(x,y)(Azx, Ay) <wV(x,y) (z,ye D). 00,

DV (a,y)(€n) =l inf(V(z + e,y + hn) = V(z,y) /b ((2,y),(§1) € X x X).

(iv) 000 e>0,zeD0000,6€(0,e],2s€ D 00000,

o+ 64z —a5]) < 82, (plas) - p(2))/5 < ap(a) +=.

ggbg,goboobboboobooboobooon.

() O0zeDODOOO, St)z:[0,00) -~ X OD0O00000000,000000,0000
(d/dt)*S(t)z : [0,00) = X DOODODOODO, (d/dt)TS(t)x = AS(t)z (¢t >0)0000D0.
(000D00D0,X00000000000000,0 zeD 0000, S(t)z:[0,00) — X
00000000000, (d/d)S(t)z = AS(t)z (a.a. t >0) 00000.)

() X, 0O0OO0OOOOOUDODOOOO XOOO. OOODO,A:D—-X,000000,0
reDO000, S(t)r € CH[0,0); X,,) OO0, w— (d/dt)S{t)r = AS(t)z (t > 0) OO
000.000,w—(d/dt) 0000000,

00 3.3. 0000 (H)ODOO,00 (v)000O000 (v)0ooooo.
(v) 000 e>0,2eD0000,86€(0,e),2scDO0O0OO,

lzs —zll <e,  |lws — dAws — [ < de,  (p(xs) —(2))/d < ap(zs) +e.
00,00 (v)000O00 (v)00O0000,zeD000.00 (iv)00,0 n=1,2,...00
00,z,€D,6,€(0,1/n)00000,

|2+ 6nAz — 2pll < 6n(1/n),  (p(xn) —¢(2))/6n < ap(z) + 1/n

000o00. 000, 2z, =« (n — o0), limsup,,_, . ¢(x,) <p(x) DOODO0. D000 (H) O
00, Az, - Az (n—o00)00000.00,0000000000, ¢(z)<liminf,,_,« ¢(x,)
O00. 000, limy e p(z,) = @(z) 00000, 6, Yz, — 6nAz, — 2| < 61|z + 6, Az —
Zll+ G| A — Az]) < 1/n+ | Az, — Azl = 0 (1 — 00) D00, (plen) — p(2)) /00 — ap(wn) <
alp(x) —p(zn)+1/n—0(n—o0) J0000. 000,00 (v)OODDOO.

00,00 (vWOOOOO.O0O00O0,0n=1,2,...0000,2,€D,6,€(0,1/n] 00000,

lzn =2l <1/n,  |2n — 6nAzy —2|| <6,(1/n),  (p(zn) — w(2))/0n < ap(zn) +1/n

00000.0000000o0o0oUooo,00 (vyooooooooo.
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00 34. -~ A0D0D00OO0DOO0 HOOODODOODOOOOOODOOOO. DOoOooOooOao, A°0,
D = D(A%), o(z) = ||A%]|| (x € D(A?)), p(z) =00 (x € H\ D(A")) 000OOOOODODOOODO
0,000,000 (H)OOOO. D(A)=D(A° 00000,0 A>00000 R(I—XA%) =H
00O0. 0000,0 A>0,2€ DA% 0000, 2y € D(A°) 00000 2y — A2y =2 O
0000. 00,0000 (z—y,A% — A%) <0 (z,y € D(A°)) 0000000, 00 (iii) O
V(z,y)=|lz—y|| (z,y € H),w=0000000. (zx —2)/]A=A%, 00000,00000
O, {xy—x,(xy—2)/A—A%)<000000. 000, ||A%,] = ||lzx — 2|/ < ||A%|| OO O
00.000,0033000000000000000.00 32000,A4°0 DA% 00O
000000000000 oo00oo0. 00000, 000000000 ([20)000 3200
gogoooooo.

00 35, U0O0OO0OO,0 23000000000 AOOO (ChOOooo.oooO,0000
0A0,00 (b)OODODODUA:D— X, 0000000000000 O0O0O0O0O0OO0O 1000
ooo.

00 3200 23000000 Kirchhoff 100

{ ue — B (| Vul|2)Au + yup = 0 ((z,t) € Q x (0,00)) 3.1)

u=10 ((z,t) € 0 x (0,00))

gbooooooboboooboob. oooobooboboo,oo0boobooboooboooboooboon
b0 «O0obOoboooooboon.

([0, 00); Hy () N C([0, 00); L(2)) N C,, ([0, 00); Hy (€2)) N O3 ([0, 00); L*(92))

0000000000000000,(26)0000000, 8(|Vu)|?) + lv@®)|? < 8(|Vuel?) +
ool (¢ >0) 00000. 0000000000, 0000000000000000000
00000000,0000000000,00 00000000000000000. OO0
Ms>mz>000000,

mp<B(s) <My (s€Ry),  |B(s)| <My (s€Ry),

00 8.6. 00 ro >000000, [luol|%2 + lwoll?: < ro DODDO uwy € HY(Q) N H?(Q),
vweHN(Q)ODOODDO,«0000000,

u € C([0,00); Hy () N C([0, 00); L2(2)) N €y ([0, 00); Hy (2)) N CE ([0, 00); L*(2))

000,0000 u(z,0) =wuo(x), u(z,0) =vo(x), 000, (3.1) 0O00O0.
000,0 (u(t),u(,t) 0,000 (u,v) 0000 HHQ) x L2(Q) 0000000000
ggooooo.

00000,000000000000000000000000.

V=H))OOO.vVOOOO |oly=|Ve|(veV)0ODDO0DO0O0O0O0O00000OO.
X=VxIL}QO0,X0000000 A0 (25 000000.00,00 33000 (v)O
0000000000000,0000000.

00 3.7.0A>00000, R(I—AA) =X.
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00000,A>0, (u,v) € X 00000000, (uy,v) € D(A) 00000,

((ux,va) = (uo,v0)) /A = A(ux, va), (3.2)
oooo,

(3.3)

(va —v0) /X = B'(I[Vur|[*) Auy — yox
00000000000 00000. ooaoo, Kirchhoff 00O O (3.1)DDDDDDDDDDD
godooboboooobobuooo. bbooooobooooo, oo oooooooo. oo
o000, 00000bDo0oo00ooooooooooog,0oo,poo0oooooooon
goo,0ooooo.

{ (ux —ug) /A = vy,

(00 3.7000) A>0, (up,v0) € XO0O,VO0000000 V*O00000 ¥O0
(U(v), p)vev =AF(IV (uo + X)) (V (ug + M), Vo) + (L+X9)(v,¢) (v, p€V)
000000.0000,¥000000.¥000000,

(T (), v)v=v = A3'([[V (uo + M) |I*) ((Vuo, V) + A[Vol|*) + (1 + Ay)[Jv]|?
> = AMp||Vuol|[| Vo] + Amyg|| Vo]

goooo,vyoooobooOo.booogooo, oo,
v, €V —0veV (0), limsup,,_,(Yv,,v, —v)y-y <0000

lim inf (v, v, —w)y= v > (Vv,0 —w)y« v (weV) (3.4)

n—oo

0O00.00000,v, €V —veV (O), limsup,_,o (Yo, v, —v)yv-y <000000. 00O
0o,

(Do, vn = v)v=v =AB([V (o + Ava) [*) ((V (1o + Av), V(vy = 0)) + AV (vn — 0)[%)
+ (14 M) (v, vn = 0) + [lon = v]?)

00000, H(Q) O0OO0O v, »v(n—o00) 000D0D0. 0000O0O, 000, (34) 000
00. 000, Lax-Milgram 00000000000 Brezis 000 (4) 000,000 fe V*
0000,veV 00000 Yo=f00000.
000, (f,¢)v-v = (ve,8) (€ V) 0ODDOOOODOD feV*OOO0,v, €V 00000
Uyy=f00000.00,
AB'(IIV (o + Xoa) [*)(V (uo + Xva), V) + (14 X9)(vx, ) = (vo,¢) (¢ € V).
0000,ur=u+Ay€eV OO0000,(33)000000.

00 3.8. (ug,v0) € D(A) OO, {(ur,vx)}rs0 C D(A) O (3.3) 0000000, H: D(A) — Ry
0 (28)000000000000.0000,0000000.

(i) limxjo(|lux — uollz2 + [lvx — vollg1) = 0.

(i) 00 ro >000000, H(up,vo) <10 0000 (ug,v0) € H*(Q) x H(Q) OODDO,
Ao >000000 H(ux,va) <19 (A€ (0,N]) 000DO0DO.
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gobgooooboo,gogbgoooob,obbooboobo,boboobob,obbooon
gboooobooooboboooogn.

(00)(26)000000000000000000. (3.3) 0 2ux (= 2(ux —ug)/A) O L2 00
oooo,
2(ux —v0, va)/A + 26/ ([[Vurl*)(Vur, V(ux — uo)) /A + 27[[oa]]? = 0

000.0000000000000000
[l = fol* < 2(u,u —v) (w0 € L*(Q))
ooooo,
(loall® = lwoll®) /X + B"(IVusl?) (IVusl® = [Vuoll?) /X + 2y [val|* < 0 (35)

00000. 4000000000, 8()-48(s)<8 ) (t—s)(,s>0)0000000, (2.6)0
ooooooo

(oAl = llvoll*)/A + (BUIVuxl®) = BUIVuol*)) /A + 2y][val* < 0 (3.6)
000.000,(27) 00000000000000

wx = B'(|Vual®) Aux — yox,
wo = B (|| Vuol|*) Aug — yuvo

000.0000, (vx—v)/A=wy 000,
(wx —wo) /A = B'(|[Vuo[*) Avx —ywx + X7H(B'([Vurl?) = 8'([Vuo[*)) Auy
000.0000 2wy (=2(vx—w)/A) 0 L2 0000000,

(lwall? = llwoll*)/A + B (IVuo ) IV uall® = [[Vuoll%)/A + 2y]wa |
<27 B ([Vurll®) = B/ (IVuo ) ([ Vual*) " Hwx + o, wa) (3.7)
000. (3.5), 3.7) 00, [[Vuxll, [loall, Jlwall, [Vea| D0O00000000000. 00000
000000000000000000000000,000000000000000 2, —=

(0), limsup,, . |#n]| < |z| D00 2, 2 00000000000000000000000
00000,00 ()000000

(d/d8)B'(||V (Bux + (1 — O)uo)|*)
= 26"(|IV(Bux + (1 = O)uo) ) ((Vux, V(ur — uo)) — (1 = 0)[|V (ux — uo)|*)

00000, p"(s)>0(s>0)0000

A (IVuxl2) = 8190 12)) [ Va2
< —28"(|[V(Bur + (1 — 0)uo) ) Aun, 02 [Vor |
= 28" IV (0ux + (1 - 0)uo)|P)B (IVurlPP) ™ (wn + 70r, 02) [ Ven |
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000.000 (37)00000000,(27) 00000000

(lwall® + 8" UIVuxlP) IVoall?) = (lwoll* + 8'([Vuo )| Vvo 1) /A + 29[ [wal?
<207HB (IVusll?) = B IVuol ) B (IVuall®) = (wx + yoa, wy)
— 28" (IV(Bux 4 (1 — 0)uo)||*) ' (IIVuxll*) ~ (wa + yox, va) || Vo ?
00D0.000,peC(R;R)O00O00DO, p(0) =0,
H(ux,vy) — H(ug,v0)) /A + (2v — p(H (ug, vo) + H(ux,vx)))([|[vall* + [Jwal]?) <0

000.00000 ()o0,00000000000O0.

oo bpaQd
D = {(u,v) € (Hy(Q) N H*(Q)) x Hy(Q); H(u,v) <70}
ooooo,000 A:D—-X10O
A(u,v) = A(u,v) ((u,v) € D)
O000000.000 ¢: X —[0,00] O
o(u,v) = H(u,v) ((u,v) € D), olu,v) =00 ((u,v) € X\ D)
0oooooo.0ooo0o,00 37,38000,00 33000 (v)DoUoooo.

o0 3.9. Ry>00
H(u,v) <ro OO0 ||Vu| < Ro/2

ooooooog,0bog v:XxX —-R; O

1/2

V(z.2) =(lo =0l + B (IVul®)(IV(u = @)l A Ro)?) ™ (2 = (u,v), 2 = (4,0) € X)

000000.0000,00 32000 (i), (i), (i) 00000.

(00) 00 () 00000000000000000000.000 (i)0,00 mg<g(s) < Mg
(seR,)0000000.00 (ii)000000,
DV ((u,0), (@, 8)((€m), (§,7) - V((w,0), (,9))
= 2(v — 0,17 — 7)) + 26" (| Vul*)(Vu, VE |V (u — @) ||
+28'(|Vu*)(V(u—a), V(=) ((u,v),() € D)
0oooOoOoOoO0OO0O0.0000,
Dy V((u,v), (4, 9))(A(u, v), A(d, 9)) - V((u,v), (4, 0))
=2(v — 0, B (| Vul*) Au — yv — (5'(|Va|*) Ad — 79))
+ 20" ([ Vul?)(Vu, Vo) |V (u — @) |* + 26" (|| Vul *)(V (u — @), V(v — 9))
<28'(|val*) " (B (IVul®) = B'(IVal*)) (v — 0,@ + 79)
+ 26" (| VulP)(Vu, Vo) [V (u = @) > ((u,v), (4,9) € D)

00000. 00 DOOOOO0O,r>00000000 Clre)>000000 |Val+ |v]+
|w| + |Vv] < C(re) DDDODODO,00 (i) 000000.
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00 38.10. 000 AUOO (H)OOOO.0OU0,A:D—-X,000000.

000o0o0ooo,0 230000000000000000 (C1), (C2) 000000, OO
u,00 3200000,00 36000000.

gbooob oobooooboooboooboobooooooooboooboobooOoD 32000
O00.000,Bressan 0 O00D000000O000OO0O00O0ODOOO0ODOOOOO0ODOOO
00o00oooo0o00oo0. 00oo0o0o0Uoo000 (H)o,0000000000O0O00O0, 00
obobooooboooocooooon.

4 Ob0OdObOoOOobOoOobaoobgoood

00000,0000000000000000000000.00,0000,000000000
00000000000000000000000000000000000,1000 Kirchhoff
000

wit — ' (|we | wee +ywe =0 ((2,) € R x [0,00))

Ubd0,v=wz,v=w, 00000000000 O0OOO

Ut = Uy
ve = (Jul*)ue —vv
gbo,2000000000000000000O0A0.

(1) Lax-Friedrichs 000000000
gogodoobbooboooooouobbbboog.

u(z,t+h) — w vz +kt) —v(x —k,t)

v}(lz+k,t)+v(1;7k7t) Qk ’
v(x,t + h) — HethOte(@—ht)
h
U P ) e 5 ek Bl 52 B C 8 Bkl 130

2k 2
000, u(x+k¢t) 000 v(z+k,t) 0000,

u(z + k,t) + u(x — k, t) _’_Tv(x—i—k,t)—v(ac—k,t)

t+h)=
u(z,t+ h) B )

2
v(x + k,t) +v(z — k,t)

v(z,t+h)=(1—hv)
u(z + k,t) —u(z — k, t)

2
00O0.00,r=h/k000.00,r>00000000000000,0 Ah>00000,0
o0 Cc,0o0oooooo.

A3 (lu( £+ h)[?)

Ch(u,v) = (w, z)

w(z) = u(x + k) +u(z — k) Jrrv(gch].g)71;(:,3716)7

= Z(x):(l_hy)vgx—i—k)—i—v(x—k) u(lz+ k) —u(z — k)
2 2
00,k >00 r=h/k000000000. 0000 wu(z,0) = up(z), v(z,0) = vo(x)
0000, Ci(u,ve) = (u(x,ih),v(z,ik)) (i = 1,2,...) 0000000000000, OO
limp o C/M(ug,v) 00000D,00000000000000000000.

+r8 (w]?)
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(2) Rothe 00D D0000O0O0O
00000000,00000000000000000000000000.

{ (u(z, t + ) — u(z, 1)) /h = vy (z,t + h)
(v(z,t +h) —v(z,t))/h = B (Ju-, ) |*)ue (2, t + h) = vo(z,t + h)
w,o DOOOOO, 00000040
{ (w—u)/h =z
(z=v)/h =B (|ul®)w. — vz

00 w,z0OODDOOOOOOODOOODO,0 A>00000,000 C,00000000D0O
gbooogao

(w—u)/h =2z,
(z = v)/h = B'(lull*)ws — vz
() 0DD000000,0000 u(x,0) = u(x), v(x,0) =vy(z) D0O0O00DO00, Cf(ug,vy) =

(u(z,ih),v(z,ih)) (i=1,2,..) 0000000000000, 00 limpe C M (ug,v) 000D
00,00000000000000000000.

Ch(u7v) = (wvz) — {

000,0000 {C,;A>0}00000000000000, 00 limpue CY " (ug,v) 000
0000000000000000.00000000000000000,000 (ug,v) 00
000 (u(-t),v(¢)00000000,0000000000. O 7>00000,L,>00
oooo,

1(u(-,t), (-, 1)) — (@, t), 0( )l L2xzz < Lr|[(uo, vo) — (o, Do)|[2xre (¢ € [0,7])
oo,
S(t)(uo,vo) = (u(-;t),v(-, 1))
000000000000 {S@#);¢t>0}0,000 L*x[20000000,000000000

gooo,booo00oooooooooooooooooobo0o.oobo,0oobpoo,pDbOO0
O0ooooooo {Cy;he(0,h]} 000000 DO0OOOOOO,O00

S(t)z = g%c}f/h]x (x €D, t>0)

0000,0000 {St);¢>0}0 DOODO0O0D0000000000O0OO0OO0OOOOOOO0O
oo.

0000000,000000000000000,(C)000000000 (6], [15], [22], [40))
0000000000000000 (j5),([30],[36,37) 0000000000000000. (Co)
00000000000000000000000.

(Co) 00000000000 {Chhe(0,h)}0 XOODOOOOOODOOOO0D0O00OO0OODOO,
00000000000000.

() 00 w>000000, ||CL]| <e“"  (he€ (0, h)).
iy XO00OO00OODODODO0OO00OO0oO00O00 A0OOod,

I}HI&(Chx —z)/h= Az (x € D(A)).
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(i) OO0 XAg>0, Aw<100000,RI—-XA)=X000.
0000,A0 X0OO (C,) 0000000 {S¢);t>0}000000000000,

E%C,Ef/h]x =Stz (z€X, t>0).

000,000 [0,00) 00000000000000.
00 () 000000, @G)0 00000, ()0 0000000.

000000,0000000000000000000000O0OOO, (7,27 00000
gboooobooooboobooboooobooon.

00 4.1. DO X0OO0OOOOOO. {Cp;he(0,he]} 0 DOODOODOODOODOOOOODO
gbo,000000bo0ooooa.

(H1) 0 e DO00O0O0, Chz: (0,hy) » X0 hOODDOD0OO0D0O0.
(H2) D zeDOODOO, l}fr&(linﬁsoup |Cx+nx — CLCrz||/h) = 0.
(H3) 00 Ma>000000, ||Chr — x| < Mah  (z € D, h € (0,h)).
(H4) 0000000000 V:DxD —[0,00),00 M>m>0,w>000000,
mllz =yl < V(z,y) <Mz -yl (z,y € D),
V(Chz,Cry) < e*"V(z,y) (x,y € D, h € (0, ho)).
0000,D000000000000 {S@¢);t>0}00000,
S(t)lehi?olc’[f/h]m (xe D, t>0),
1}3%|\S(h)m—Cth/h:0 (x € D).
000,{St;t>0 0000000000, 0000000000 AOOO.
{ Az = limy, o(Chzx — z)/h (x € D(A))
D(A) = {x € D; limyo(Chz —2)/h 00000 }
00 4.2. (i) Marsden 000 ([27) 0,000000000000000000,00 4100
00o00oo0ooooo0oO,0no (H2)ooooo,00 L>000000,
|Cxgnz — ChChrzx|| < LAh - (x € D, A, h,A+h € (0,hg])

0000000000000000000.0000000,000000000000,00 4.1
00000000000.0000000 (H2)0O0000.0<r<100 DCcHY (R)OOO.
oooo,

(Cru)(z) = (1/2) (1L + r)u(x + h/r)+ (1 —r)u(z — h/r)) (ue€ D, h>0)
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O000o0oooogoogoo {Ch;h>0}DDD
ln Cone = ChCaulla /b = (1/20) (L =) /(- + A/r) /(- = Aoz (we D)

0000. |/ (-+Mr) = (= A7) <KX (ueD)OOODOOO0O0DO0O00000 ue H2(R),
lu|l;» <K, DOOO. 000,0000000000000,00 DO0O0O,00000 7>0
0000 {ue H2(R);|u|m2 <7} 000000000000. 00,00 DOOO,00000
ro>00000 {ue H'R); |ul|l; <r}000000000,00 (H)ODOOOOO.

(i) {S(t);t>0}0 DOOOOOODOOOOOOOOO. 0000,Lx0000000000
0,00000000000(24). 0 r>00000,

lim sup ||CrS(t)x — S(t+ h)z||/h=0 (z € D).
hi(]tE[OJ]

0000000000000 (H4)0000,000000.
S(t)x:linéC',[f/h]x (x €D, t>0).

(ii) 00O 410000,0000000000000000000, (Cy) DODOODOOODOO
gboobOoooobooobooooob,bo0,00bo0oboobooob0ooo0obooonn, Lax
goboboooooooboobobobooooooobo,0o0oo0oboboobooboo,boboo
oboooooooo.

Lax-Friedrichs 00 000000000000
X =L*R) x L*(R),Y = H'R) x HY(R) OOO. r >00 Mg <1 00000000,
ho >0 O

r2Mpg + vhy < 1 (4.1)

000000000. 000 A:D—-X,0000 {Crp;he(0,ho)} 000000OOO,0000
00 41000 (H)OO (HHOODOODODOOOOO pDOoooOoooooOoOg.

A(u,v) = (va, B'([ull*)ue — o) ((u,v) € D).

Ch(u,v) = (un, vn)
() = u(x + h/r) +u(z — h/r) N Lozt h/r) —v(x —h/r)

— 2
on(@) = (1 — }W)v(m—i— h/r) -;’U(Q? —h/r)

00 43.a>0,2>0,a)2<1000.0000,

u(z+ h/r) —u(x —h/r)

2
o+ (un ) .

u(x + k) +u(z — k) vz + k) —v(x—k)

w(zx) = 5 +A 5 ,
oz) = v(x—i—k:)—;—v(x—k‘) +a}\u($—|—kz) ;u(m—k)

ooo,
allwl® + [|z[1* < allul|® + [|v]|*.

(00) w000 w000O0O0O0O0OO0O0. 0000000000000 0O0O0O0O0

(&) = cos(k§)a(§) + iAsin(kE)o(E),
2(§) = cos(k&)o(E) + iarsin(kE)a(s)
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000.000,e\2<100000,
ald(&)]* + |2(6)* = acos® (kE)[a(€)[* + ar® sin® (k&) |0(£)[?
+ cos?(k€)[0(6)[* + a® N sin? (k€)[a(¢)
< (cos” (k&) + sin® (k€)) (al@(€) > + [0(6)%) = ala()]? + [8(¢)[?
000.0000000000000,000000000.

00 (H)ODO (H4)00OO0OO0O0OD0ODO0OOD poOoooooo, (u,v,) =Chlu,v) 000, 0
0430 A=r(1—vh)La=0-vh)f'(|lu|?>) 0000000, 00 (41)000,

B Qlunl®)unl2 + onll? < 8 Qlanl) ] + Jol2(2 = vh) (4.2)
ooo. o000,
ol el h <ﬂ’(IIUI2)—ﬂ'(IIUh||2) ) )
lee b+ F Ty < 1 F0IE T F ) 7 (lE)h v )l
ooooo,
D L P X0 h (ﬁ’(IUIIQ)—ﬂ’(IuhIQ)_ ) -
1eunl™ + Bz < 19+ Ba®y * Bl F (laDh v ) 10zl
ooo,
H(u,0) = [l + [00u)? + 0 002y e mmy a0 (R))

B'(lul?) — B(lull?)
00D000.000 C, 000000, |lusll < Jull +r|v DOD. 00O,
h™H un (@) — u(z)) =(2k) 7 (u(z + k) — u(z) - (u(z) — ulz — k)))(1/7)
+ (2k) (v(z + k) —v(x — k)
gooon
h™Hlun = ull < (1/7)|0ull + [|0z0] (4.3)
good.ddd,rn>00000000,

18" (lull®) = B (llual*)]
B'(Ilull?)h

H(u,v)<ro 00O <v (4.4)

Oo0oO0. 00O,
D = {(u,v) € H'(R) x H'(R); H(u,v) < o}

00000,C,:D—D0O00,0000,00 (H)OOOOO.

00000 (H4) 0000000, (@, o) = Ch(a,0), k=h/r000. 0000,
(un — i) (z) = <u—ﬂ)(x+k)§<u—ﬁ)(x—k) _i_r(v—ﬁ)(x—l-k);(v—@)(a:—k)’
(U}L—f}h)(x)Z(l—hz/)(U_U) z+k)+@v—0)(x—k)

N 2 N
Jr,rﬂ/(”uhnz) (u _ u)(w + k) _ (’LL _ u)(m — k)

+h(B' ([[unl*) = B'(ln

2
w(x+ k) —a(z — k)
o 2B
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000000,00 43000,

B (lunl)llun = anll® + llon = on = h(8 (lunl®) = 8"(lan]*))(2k) 7 @(- + k) = a(- = k)|
< B (lunl®)llw = al* + [lv - o]

000.000,V:DxD—[0,00)0
V((u,0), (2,9)) = (8" (lul®)llu = al* + ||z - 2[|*)"/2
goooooo,bbooooooboooon,

V((un, vn), (@n, o)) < V((u,0), (4, 0))

o (Wﬁ/(m”z) VO Bty — -+ 16 ) ~ ﬁ’<||ah|2>||ama|l>

VB ([[ul?)h
000. 000, (43) 000,00 ¢>0,b>000000 (1—ah)V((un,vn),(n, o)) <
(14 bh)V((u,v),(4,0) 0000000,000 w>0,hg>00000,00 (H4) ODOOOO.
(43) 000000000, A~ Yo, — || < (1/7)]|0xv]| + vlv|| + Mgs|d,u| OO0, OO0, 00
(H3) 0000D0.000000000,00 (H2)000000.

Rothe 100000000000
wve lAR)000000,0 A>00000000000

{ (un —u)/h = D,y
(vn —v)/h = B'(|[ul|]*)Bsun — von

00000 wy,v, € H(R) 0000000000, 000,u,ve H(R)OODO,0000000
ooa,

Bl 1 + llonll* = (8" Ul lll® + [v]]*) < —2hw|lvn]|?,
B'(ul®)10aunl? + 10z o] = (8" (Iull®)|0zull® + 102]%) < —2hv||0zvn®

0o0o. o000,

lvll* + [10=v]”

H(u,v) = ||ul|? + ||0,u|* +
() =l + o + F2

((u,v) € H'(R) x H'(R))

ooooo,

H(up,vp) < H(u,v) + s : (5'(||u||2) — B (llun]l?)

(full?) B'([lunl?)h
000.00 7 >00000000,

- 2u) (Uonll? + 1500 ])

H(u,v) <rg 00O 18" (lull®) = B'(lusl®)] <2

oo0oO0. 00O,
D = {(u,v) € H'(R) x H'(R); H(u,v) < o}
O000.0 R>00000,000 C,:D—-X0O000O0O00O0OO.

(up, —w)/h = Oyvy,

Onl) = lun o) = {<uh—v>/h=ﬁ'<nu2>8zuh—vvh
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DOOOOOD,Cy,:D—DOO0. 00000 (H4)ODODOOO, 4,0, 0,9, O,
(G, — @) /h = Oy 0y, (0o, — 0)/h = B'(||0]|*)0ptin, — vip,
gooooooo.oooo,

((un = an) = (u = @))/h = 9y (vn — Bn),
((vn = 0n) = (v =) /b = B'(|[ull*)Dx (un — i) — v(vn — o) + (B'([ull*) = 8'(l]*)) 0 tin

gooooo,0bbooooooo,
B'(lul®)(lur, — @nl> = llu = alI?) + o — onll” — v — 5]
< —2hwljon, — onll” + 20(8'(Jul®) = B (14]1%)) @stn, vn — i)
000.000,V:DxD—[0,00) 0
V(). (@ 9)) = (8 (Jul®) Ju — > + 1|z = 21P)> ((u,), (a,8) € D)
goooooa,

V((uh7 Uh)? (ah’ @h))Q < V((U,, U)a (ﬁvﬁ))Q
B (lunll®) = B (|lul|
+h< 3 (lnlP)h

00000,000 w>0,h>00000,00 (H4ODOOODO.
000, (H1), (H2), (H3) 000000, X 0000000 A:D— X O

A(u,v) = (8pv, B'([ul*)0pu —vv)  ((u,v) € D)
00000,X 000000000000 {A((w,2)); (w,z) € D} O
A((w, 2))(u,0) = (D0, B'(|lw]*)deu —vv)  ((u,0) € H'(R) x H'(R))

0000000,0 he(0,hg) 0000, —hA((w,v)"'0 XO0OOOOOOOOO00000
00,c,000000000.

Ch(uav) = (I_ hA((u7v)))_1(u7U)
oooooo,H)ooooo,oo0,

(d/dN\)Cx(u, v) = (I = MA((u,v)) > A((u,v)) (u, v),
ACx(u,v) = (A(Cx(u,v)) = A((u, 0)))Ca(u, v) + (I = AA((u,v))) " A((u, v)) (u, )

00O000. 000, (H2), (H3) 000o00.

00 4.4. Rothe DODOOD0OODODOODODOO,0000000D00O00O0DO00ODODO,DOOO
goooooa
(v(z,t+h) —v(x,t))/h = B (|u(-,t + h) || uz(z, t + h) — vo(z,t + h)
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00oooooooo. (0D 23000.) weOOOOOO,000000

{ (w—u)/h =z
(z = v)/h =B (lw*)ws — vz

00 w,z00000O00O0O0O0ODOOOD,0 A>00000,000 Cc,00000000D0O
gobooog.

(w—u)/h =z,

Cnlsv) = (w2 = { (= 0)/h = B (]2, — vz

0ooooooobboooooooooD,b 230000000000, BrezisOOQOooooQ
00 T:V—-V*00,2,€V —2z€V (0),limsup,_,..(Tzn,2, —2) <0000

liminf(Tz,, z, — w) > (Tz,z — w) (weV)

n—oo

0000000 TrT0000000000000U00O0. 000000 OOUO,H2)ODOODOOO
gooo,00000gfogoopooooooobo.0ooooo,opoooo0oo000, dynamical
boundary condition 000000000 D0OOO0O0O0ODOOOO00ODODOOOODO.

un = B/ (1Vul?) A — yuq (2,1) € @ x (0,0))
u=0 5 ((z,t) € Ty x (0,00))
w+ B (Va5 +au=0 (@) €1 x (0,))

5 Qbobobobbobbobooboobooboobooboon

gboooobo,boobobooobooooboobobooobooobooboobooobOooo
ubooooboo coobo,0obooo0ooboooobooboooboOobo,ob0oo0boooboooboo
goboooooooooooooooooboooob. bob,0bobobobobobo, o
0 Ginzburg-Landau 0 0 0000000000000 ¢ctO0000D0O00OOOO.

goooooooooooooo,xooooooooo,po0 XoOoooboo,xoooo
gboooobooobooooao

u'(t) = Au(t) + Bu(t) (t > 0), u(0) = ug (SP; uo)

00000000000000000000000,00000000000, 00 [1, 2, [11],
[25], [26], [32], [35], [38], [39) 000000000 O0.000000000000,00 [42)0000

00000,A0,00 M>1,wa<000000 ||T(#)| < Me*4at (¢>0)0000,X 00
(Co) 0000000 {T(t);+>0}000000000000.a€(0,1)00000,00000
OYOY=D(-4)*),000000 [plly:=[(-A)*| (veY)OODOOO0O0.Y OOOOO
COC=DNYDOOOODO,B0 CO0 X0OOO0OO0OODOOOOO.

0000000, (SP;w) 0000000000000000000000000000000
000000000000000000000002.

000 BOOOO,00000 (B1),(B2),(B3) 000000

(Bl) CO DOOOoOoUOooOOO

0000,000000000000000000000.
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(B2) BO CO0O XOOOOOODOOOODOO
(B3) OO0 Mp>000000 |Bv| <Mp(l+|vly) (veC).

00 5.1. 000 (i), () 000000.

() DOOODDODOODDD {S@);t>000000, BS(H)z € C([0,0);X) (z €
C), BS()z e C((0,00); X)NLL (0,00;X) (zxeD),000,000000000000.

loc

St)r =T(t)x + /Ot T(t—s)BS(s)xds (ze€ D, t>0).

(i) 000300 (i-1), (ii-2), (i-3) 000000,

(i-l) 0O L>0,M>m>0,XxXUO0O0O0O0O0UOO0O VOOOOO,00000000
ooo

(V1) V(z,y) = V(& 9)| < L(le =2 +lly = 4l)  ((2,9), (2,9) € X x X).
(V2) mllz -yl < V(z,y) < M|z -yl ((z,y) € Dx D).
(i-2) D0w>000000,

lirfrlllionf(V(J;Lx, Jry) = V(z,y))/h <wV(x,y) ((x,y) € C xC).

¢
DD,th:T(t)w—i—/ T(s)Bwds (t>0, we(C)O000O.
0

(i-3) 00 fe(0,1)00000,0 z€C,e>00000 de(0,e],25€C,25€Y OO
ooo,

xs = Jsx + z5, |zl <6, |lzslly < e8P,
goood,ooo,d p>0|:||:||:|D,LB(p)>ODE|D|:||:|
|Bu— Bvl| < Lp(p)lu—vlly  (u,v €C, |lully <p, [v]y <p) (5.1)

000000000,0 2eDO000,000000000 (SP;2) 0,000 ut)=58(t)ze
C([0,00); X) N C*((0,00); X) N C((0,00); [D(A)]) OO O

(00000D0000) 00 21000 (), () 00000.00 (-1)0,00 21000 ()0
00000.00 (i-2) 0000000000, (z,y) eCxCO00.00 21000 (i)000
00,w>000000,

lim inf(V (Ju, Jny) = V(@,9))/h < WV (@,y) + Llirﬁfglp(lthfﬂ =S| + | Jny — S(R)yll)/h
000. BS()z:[0,00) - X 00000000,
h
h= Y (Jpx — S(h)x) = h~! / T(h— s)(Bx — BS(s)x)ds — 0 (h]0)
0

0oo0.000,00 (i-2)00000. 00 (-3) 0000000000,z CO000. 000
0, BS()z € C([0,00); X) 000 Jyz — S(h)z € D(—A)*) 00D,

h
1(=A)* (Jnz = S(R)z)|| < | [(=A)*T(h = s)(Bx — BS(s)z)| ds
(

<(1—a) *M, sup ||[Bx— BS(s)z|-h'™* (h>0)
0<s<h
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000. S(h)zeC (h>0)00000,00 (ii-3)0 f=1—-a,2s=S(0)x000000.

gboodgbogoogoogbooaobodand

00 Ginzburg-Landau 0000000000 OCO0O000ODOOOOOOOOOOOOOOOOO
000000, Okazawa-Yokota 00000 ([34], [43) OODOO,0000000,00 5100
0doooooooO voooooooooooooooooooooao

00 Ginzburg-Landau O O O

% — (At ip)Au+ (5 + )l u =0 (5:2)

0000,0000000000000000000000000,0000000000000
ooo,

% — A+ ip) A+ (54 i) {(qg — 2)|u|T *Re(u, ©)u + |u|?%u} = 0 (5.3)
0000D02Re((5.3),%) 0000,
(d/dt) a7 + 27 Va7,
+ 2Re(k + iv) / (q — 2)|u|T* Re(u, ) (u, @) + |u|?2|4]* dz =0 (5.4)
Q

goo.oooo,
(d/dt)||][3 + 2N Va]F2 < 2(x + v2) 2 (g — 1) / Jul 922 da.
Holder 00000 Gagliardo-Nirenberg 000000000,
/Q Jul 172l da < [Jull 2 al3e < exllullfe a3 a3
< collull 2 Nall7S 7 (lal35 + [Val39),
00,0=N(1/2-1/q) 0000Young 00OO00OODODO,
(d/dt)|[all3s + 2XVal3> < esllull 2O a)2s + 22| Val3s + calla3-.

000,00
(@-2)/(1-0)<q 0000 2<q<2+4/N

000, (d/d)|all7. < 2(a+blullf.)llelz. DOO0O0D,
(d/dt)||@]| 2 < (a+bllul| Tl L2 (5.5)
000, 2Re((5.2),uw) D000
(d/dt)|ullFz + 2X[Vu| 2 + 26]u|, =0 (5.6)

ooooo,
[uCt)llr2 < [luollzz (¢t =0) (5.7)
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00000. (5.5)+(b/2k)|aL2x (5.6) D000,

(d/dt) exp((b/2)||ulZ2)l|%]| 2
= exp((b/2x)|[ullF2)((d/dt) @l L2 + (b/26)((d/dt)||ullF2)] il 2)
< aexp((b/2s)||ullZ2) il 2. (5-8)

ro>000,d00000000000 Riemann metric O0O0O.

1
d(f,9) =inf{/0 exp((b/26) [u(O)[[72)14(0) [l L2 dO; [[u(O)][ 7> < 1o, u(0) = f,u(1) =g}-
000000000000000000000. f,g € L3Q), |f1%: <ro,llgl2: <roODDODDO
e>000000000,u(9) 00000, [Jus(8)|32 <70, uo(0) = f, uo(1) =g,

/0 exp((b/2)uo(0)[|72) [0 (0) ]| L2 O < d(f.g) +e.

t>0000.0000,(6.7) 000, |lut0)|3: <r. (5.8) 000,

/O exp((b/25) [u(t, O)|2)lli(t, 0) | 2 dO < e (d(f, g) + <)

ooooao,
d(S(t)f,S(t)g) < e'd(f,g)  (t=0).
My>100000, |[u®)]2, <ro 00D

[a(0) |2 < exp((b/2r)[|u(0)]72)|(0)[| L2 < Mol|i(8)|| >
00000, f,g€ L*Q), If13: <ro,llgll}> <ro 000D
1f —gllze < d(f,9) < Mollf — glle-
ogoooo,0 r>00000,L->000000
IS — SMgllze < Lollf —gllze  (t€[0,7], f.9 € L2, | £122 < 7o, lgl3e < o).

Riemann metricd 00000000 O0O00DO,0000000,

V(u,v) = exp((b/26)(([[ullz2 A v/r0)? + ([ollL2 A Vo)) (lu = vllz2 A (2y/70))  (u,v € L*(2))
(5.9)
00000, ug,vo € LA(), [Juol32 < ro, [Jvoll3 <ro ODO,

(d/dt)V (S(t)uo, S(t)vo) < wV (S(t)uo, S(t)vo) (t>0)

go0ooo0ooooO.00000,00 Gingbuwg-Landau 00 O0O0O0O0D0OOOO0OOOOCOODOO,
00 51000000 VOooOo (5.9 00000000000000000000000oaOo.

00oooooodo, 00 Gingburg-Landau OO0 OO0O0O0O

%1: — (A +ip)Au+ (v +iv)|ulTu =0 ((z, 1) € 2 x (0,00)),
(CGL) u(x,t) =0 ((z,t) € 02 x (0,00)),
u(z,0) = up(x) (xeQ)
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0000.00,000 RNOOO QO0O000000000,A>0,x>0,u,veRO00. 00
0,¢000000000000000.

2<q¢g<2+4+4/N.
00 5.2. 000000 we LX) 0000, (CCL)0000000O00 «wODOD0O0O.
C([0,00); L*(2)) N C*((0, 00); L*(€2)) N C((0, 00); H*(€2) N Hy ().

gog,dobbbbooooobobobobooooooooobo.
v,y 000000000 u e LX(Q), w e [X(Q)00000000000000. 0000, 0
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EXACT DIFFERENTIAL AS THE DECISIVE CRITERIA OF EQUILIBLIUM/MOTION AND
IRROTATION/ROTATION

00 0O (000000 00000000 000000 0000 D4)

ABSTRACT. In the fluid mechanics, it is an important concept to analyze it, for example in three variables, for udz +vdy+
wdz to be satisfied with an ezact differentiability or a complete differentiability. By D’Alembert, Euler, Lagrange, Laplace,
Cauchy, Poisson and Stokes succeeded the exact differential as the decisive criteria of equiliblium/motion. jFrom the
geometrical point of view, Gauss and Riemann applied it. Moreover Helmholtz and W.Thomson applied it to the theory
of vorticity, in which treated the exact differential as the decisive criteria of irrotation/rotation. To Helmholtz’s vorticity
equation, Bertrand criticized but Saint-Venant sided with him. Two constants theory was deduced in equilibrium/motion
of the isotropic elasticity by Poisson, Navier, Cauchy, Saint-Venant and Stokes. In motional equations, these became
the origin of Navier-Stokes equations.

1. From the observation of exact differential to vortex

There are theories of equiliblium, applications and discussions about an exact differentiability of udx + vdy + wdz for the
fluid mechanics. We see such a history, in which the topics are : condition of equilibrium of fluid / proof of the eternal
continuity in time and space of an exact differential / curvature / electro magnetic / geometry / vorticity / discussion on
Helmholtz’s papers / other applications.

1.1. Exact differential as the decisive criteria of equilibrium/motion.

1.1.1. Navier’s equation of fluid equilibrium.

Navier deduces the expressions of forces of the molecular action which is under the state of motion as follows :
We consider the two molecules M and M’. x,y, z are the values of the rectangular coordinates of M and =+ o,y + 3,z +-y
are the values of the rectangular coordinates of M’. The length of a rayon emitting from M : p = /a2 + 82 + ~2, where
a = pcosipcosy, 3= pcosisiny, v = psinip. The velocity of the molecule M are u,v,w and that of the molecules M’.

1

Navier deduces the moment in equilibrium as follows :
o0 3 3 ds f ds ds
8/ dpp® f(p) / : dyp / : dgo(—x cos® 1 cos? ¢ + DY os3 Psin? o + 9% Gin2 1/;0051&).
0 0 0 dx dy dz

It turns into :

2 o0 dé dé dé 4 0
87i/ dpp3f(p)(—$ + bt + —Z), = = / dpp®f(p) = p.---Remark : p is the one of two constants. cf. §1.3.
34 Jo dx dy dz 3 Jo

By the partial integration we get

0 = ///dzdydz[(Pf %)MJr (Qf %)5y+ (Rf %)52]
— // dydz (p/éz' —p”éz”) — // dxdz (p/éy/ —p”éy") — // dmdy(p'éz’ —p”éz”). (1)

Navier reduces the indeterminate equations (1) for fluid equilibrium into two cases.
e Exact differential for the conditions of the equilibrium of the arbitrary, interior point of the fluid, g—z = P, 3—5 =
Q, % =R, dp=Pdz+ Qdy+ Rdz, p= [(Pdz+ Qdy+ Rdz) + const.
e The boundary condition to surface,
0 = [(Pdz + Qdy + Rdz) + const. We get the differential equation : 0 = Pdx + Qdy + Rdz.

In the same molecular way, Navier deduced the motional equations which became the origin of the Navier-Stokes equations.

1.1.2. Stokes’ vorticity equation for the proof of the eternal existence of exact differential.
Stokes deduces his vorticity equation for the proof of the eternity of ezact differential.

Do — (42 + 9)o + 2o + 220, Dy’ —(+2+22) 00 o
(285) ¢ Bt = duur (‘;—;‘ + fl—f)w” ey s DDW;,,, -lo - (j—; +4v oy ?T"j) 0 o
Dg;”:%w/_i_%w//_(%_,'_%)wm. Dbut 0 0o _(%4_%_’_%) "
w/
= %:fW divu, where, W= w,’,’/ , w’:%(%f%), w”:%(i—:f%), w’”:%(ﬁ—:f%). (2)
w

1.2. Exact differential as the decisive criteria of irrotation/rotation.

Date: 2008/08/17.
INavier ([3, pp.399-405])



1.2.1. Helmholltz’s definition of irrotation.
Helmholtz uses Euler’s equations (1f7), because it is called that he had not known until then about Navier’s equations.

du du du du
= +us- vt +w
dt dx dy dz’ 1 du
; F—-+Vp=%5+u-Vu,

dv dv dv

at Tug Tvg twg
dw dw dw dw
> = @ tug, tvg twa,

dv dw __
ar tayta. =0

= 44V-u=0, (3)
where F' = (X,Y,Z), u

(1m)

T = =
RS SR

(u, v, w).

=N <X
\

We consider not only the forces X,Y and Z of the potential V : (lag) X = %, Y=9%0, Z= %, but also moreover,

Geschwindigkitespotential ¢ ( velocity potential ), so that : (1byg) u = Z—i, v = ‘;—Z’, w = ‘;—f, (From the consevative
law of (3) (= 1) we get also as follows : Ay = 0, Helmholtz does not mention explicitly about vollstandigen Differentialien
(exact differential or complete differential ), however from (1bg) we get as follows : (lcg) Z—Z — % =0, % — fli—l; =

0, 4w _du — g = Vxu=0. To study these three conditions (1cg), Helmholtz, considering an infinitely small

dx dz
volume of water in a time period dt, makes investigation comprehensively into the variation from the three various motions
u= = = du — dv — dw — dw _ dv — du _ dw — dv _ du —
tu=Av=Bw=C, G = s = G ES T EY =9 =06 == dy = - ( these are the exact

differential condition.)

1.2.2. Helmholltz’s deduction of rotation in vorticity equations. - Helmholtz’s decomposition.

Next, Helmholtz assumes the conditions of a rotatory motion. We get the components of velocity which are brought
about, on a pararellel with the coordinate axis x,y and z are as follows : Then we get the responce tensor compounding
the translation tensor and the rotational tensor. By differentiating u,v and w with respect to =,y and z respectively and
then it turns out the following vorticity equations :

dv dw

a (y+¢ (B-mn) & ay =% . ¢
(v=¢ —=b (a+9) = @n) (F-FE=2m > ;Vxw=|n | =W
B+mn) (@=¢ c du _dv — 2. ¢

Helmholtz uses Euler equations, which are for incompressible fluid, without viscous term. Moreover, he deletes pressure
term by assuming the constant value in baratropic condition. From (3=(1g)) by W = curl u, we can deduce the vorticity
equation by Helmholtz :

DW
"Dt
Helmholtz’s (4) is correspondent to Stokes’ (2), but the meaning of W of Helmholtz and W of (2) are different each other.

When, in a molecule of water, £, n and ( are equal to zero each other at the same time, then % = % = % =

=(W -V)u-—W(V-u)=W. gradu— W divu, where W = curl u. (4)

Diejenigen Wassertheilchen also, whlche nicht schon Rotationsbewegungen habe, bekommen auch im Verlaufe
der Zeit keine Rotationsbewegungen. [1, p.34] ( Vortex is not only generated but also not disapper. )

1.2.3. Disputes on Helmholtz’s paper.
Bertrand and Saint-Venant discuss about Helmholtz’s theorem. Bertrand always critisizes Helmholtz’s. As the decisive

example of the motion along the olny z-axis Bertrand says : £ = 0,7 =0 and ¢ = % is not a decisive example ? Helmholtz
responses to Bertrand the decisive criterion of exact differential or not, which were none in his original paper in 1858, as
follows :
Si I'expression (udz + vdy + wdz) est une différentielle exacte, il n’y a pas de rotation dans la partie du fluid
correspondant. Si cette expression n’est pas une différentielle exacte, il y a rotation. [2, p.136]

1.3. Formulation of the two constants theory in isotropic elasticity and Navier-Stokes equations.
The partial differential equations of the elastic solid or elastic fluid are expressed by using one or the pair of C; and

2
Ca such that : in the elastic solid : &8 — (C1Ty + CoTz) = f. In the elastic fluid : 2 — (C1T1 + CoTy) + -+ = f,
where T, T, --- are the tensors or terms consisting our equations. For example, in modern notation of the incompressible

Navier-Stokes equations, the kinetic equation and the equation of continuity are conventionally described as follows :
%—‘t‘ —pAu+u-Vu+Vp=f£f, divu=0,in which —pAu+ u-Vu+ Vp corresponds to —(C1T1 + C2T%). Moreover, C1
and C2 are described as follows :

C1 = Lr1f151, S1=[[f3 — Cs, C1=C3Lrf1 = %E'f’lflz
Co = Lr2f252, So = [[ fa — Cu, Coy = CyLrafa =2 Lrofs.
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1.00  Penrose-Fife 000000000000 DOO0DO0O0OO0O0OOOD [7O0000O0O0O0OOOODO
00000000000 000 Penrose-Fife 0 OO OO0 OO0OO0O0OOODOODOglobal solution 00000
000000000 0ooooooDoo0Oo0O0O00ooooooDooooooooOoOo00Ooooooogg
O0000000000000 Penrose-Fite 0O OOOODOOO0OO0OOOOOO (cf. [8])

et —Aa=f, e=u+ ANw),& € a(u) ae. inQx(0,T),
wy = A —kAw + g(w) + & — aX (w)}, € € B(w) ae. in Qx (0,T),
V{—kAw + g(w) + £ —aX (w)} -n=0 ae. onT x (0,T),
w>1lp, Vw-n>0, (w=10p)Vw-n=0 ae onl x(0,7),
a=h ae onlx(0,7T),
e(0) = e, w(0) =wy a.e. in Q.

000000 RY(N=123)000000000000000000a,80 RO maximal monotone O
000+x00000000000-000000000000000000g¢0 C'00000000 f0O
Qx(0,7)000000000000000000¢00000000e,w,0000000000000
000000000000000000000000000euwl00000000000000000
000 (000000000000000)00000000000,0000000000000000
0000000000

0000 [7]000AO0TCx(0,7)000000000000000000AD 200000000000
000000000000 A(t)=he HY(T)OAMw)=Aw, A€ ROODODDD000000000000
H-'00O00oO0O0O0O0Oo0O0o0O0Oooo0o0

2.00( [6, Theorem 2.1]) there exists a proper, Ls.c, convex function v : H~1(Q) — R U {+oc} such
that the following holds.

O For z € L?(Q) and 2* € H (), 2* € 9y(z) if and only if there exists 2 € L*(Q)
O such that Z € a(z) ae. in Q,Z2—h € H(Q) and z* = F(Z — h).

O0D0FO H}(QODOD HY(Q)OOODODDDDODOO0OO0000D0DODOD generalized solution 00000
0000000000000 000000000000000000Vy D VWOOOOoOoooov, =
HY(OQ)NLZ(Q)DODODOO0O L3(Q) 0

L3(Q) = {z € L2(9)|/Qz =0}

000000FOV,00 V00000000007 000000000 L2(Q)00 L3(Q)00000
0oooooo

mo 7] ::zfi/z, Vz € L*(9).
9] Jo

3.000 (P) has a unique generalized solution (e, w) on [0, T] satisfying properties:

(S1) e € WY2(0,T; H-Y(Q)),w € WY2(0,T; Vi) 0 L0, T; HY(Q)) N L2(0, T; H2(Q)).



(52)

(S3)

(S4)

For a.e. t € (0,T) the following equation holds:
€ (t) +u*(t) = f(t) + Ah, u*(t) € dp(ult)),
where u(t) := e(t) — Aow(t).
There exists & € L(0,T; L*>(R)) such that ¢ € B(w) a.e. in Q x (0,7T) and
Fytw' (t) 4 mo[—rAw(t) + £(8)] + molg(w(t)) — Ao@(t)] =0 ace. t,

w>1ly, Vw-n>0, (w—1Ip)Vw-n=0 ae. onl x(0,T),
where a(t) := F~1u*(t) + h.

e(0) = eg, w(0) = wo.

000 ($2)00000000 u(t)eL¥(Q)0000

a€au) ae Qx(0,7),

<e/(t),z>—|—/QVd(t)-Vz=(f(t),z)Lz Vz € Hy(Q)

0000000000000u* €dy-19(u) ae Qx(0,7)000000 aca(u) ae Qx(0,7)0
00000000000
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(1) 0>v in@:=(0,T)xQ,

(2) ? +v-VO-—AO=f inQ):={(t,x) € Q;0 >},
(3) gf +v-VO—A0>f inQi(0):={(t,z) € Q;0 =},
(4) g—;}—i-(v Vv—Av=g(0) —Vp inQ,

(5) divo =0 in Q,

(6) 0=h, v=0 onX:=(0,T)xT,

(7) 6(0) =6y, v(0)=wvy in €,

O000,0=0(t,x)000,v:= (n(tz),v(t,z) D00, 000p:=p(t,z)00000. 0O
O((P)D0D000000000000 (2)000,00004¢:=y(t,.) 000000000
O000,00600¢000000(H00000O0O0ODO0O0O0O0OO )OO0 QDUOOO0OO
000000000000, f:Q—RA:Y—=R,g:R—-R20,:Q—R,v5:Q — R?
O000000000. Navier-Stokes D 00 (4) 0000 g(¢) 0 00O Boussinesq O O
gooO0,00000000000D000 BoussinesqU OO ooogoooD. bogonO
0000 BoussinesqUO OODOO, 00 (1992) 0000000000, ODO0OOOOO
O000000000000000, Diaz, Galiano(1998) O Lorca, Boldrini(1999) O 0O O,
0000000000000 0D. 0000000 bOo0oboooooooadd, Dirichlet
00000000 (2005), Neumann O OO O0OO00O0O, 00 (2007)00000000O. O
O000,00 (2008) 00000000 ¢, 0¢,00000000000000000
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H = L*(Q), V : H&(Q), D, () = {u € CF(Q) := (CF ()% divu = 0 in Q},
H =L,V =H.Q)0O0O,a(,"): VxV RO ): VXV xV ROO
guooooooog.

a(u,w) = Z / gzj ?;:]da: b(u, v, w) Z/ulav widr Yu,v,w € V.
ij=1 i i

1,j=1

00000000000 K)OoODOooooooooo.
K(t):={z¢€ H;z > (t) a.e. on Q}.



00 {f,v} e L®Q)xL¥Q)D00 (D1)«(D3)000000,00 (P)0DO00D0:
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(A1) v € WH2(0,T;V) N L*(0,T; H*(Q2)) N L™=(Q);
(A2) h € WY2(0,T; H3?(T")) € L>(X) 0 h(t) > (t) a.e. on X, "t € (0,T7;
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sy 5 [V 0
400 otherwise.

000000 Ik ¢'0 HOOOOOOOOOOO 0¢'(2) = —Azae. on Q0O z = h(t)
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@) = 3= 22 = 04 (2), @) = S~ o),

A = inf { il i+ S W) b T (e) = 5lPes — b
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Yee H,"\, e (0,1).
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Asymptotic energy concentration in the phase space

of the weak solutions to the Navier-Stokes equations
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