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FIG. 1. A wormhole and the external universe at a specific
moment of time, embedded in a fictitious higher-dimensional
space.



10









o1




Immersion self-intersection
embedding
4 3

3
Smale's paradox
Outside In, full video



1960 5
1981 4






h/0211159v] [math.DG] 11 Nov 2002

The entropy formula for the Riccl flow
and its geometric applications

(Grisha Perelman®

February 1, 2008

Introduction

1. The Ricer flow eguation, mtroduced by Richard Hamilton [H 1], 1s the
evolution equation %gij—{f.} = —2R;; for a riemannian metric g;;(¢). In his
serminal paper, Hamilton proved that this equation has a unmique solution for
a short time for an arbitrary (smooth) metric on a closed manifold. The
evolution equation for the metric tensor imphes the evolution equation for
the curvature tensor of the form Rm, = ARm + (), where () is a certain
quadratic expression of the curvatures. In particular. the scalar curvature
R satisfies R, = AR + 2|Ric]?, so by the maximum principle its minimum



1 Ricci flow as a gradient flow

1.1. Consider the functional 7 = [, (R+|Vf[*)e™fdV for a riemannian
metric g;; and a function f on a closed mamfold M. Its first vanation can

be expressed as follows:
OF (vi5,h) = / E_I[_&"' + ViV — Hy0;
4 M

—viVifVif +2<Vf,Vh > +(R+ |V (@/2—h)]
3 [H e [—vi(Ri + ViV, f) + (v/2 — B)2Af — [V [+ R)],

where dg;; = vi;, 8f = h. v = g"uv;;. Notice that v/2 — h vanishes identically
iff the measure dm = e 7dV is kept fixed. Therefore. the symmetric tensor
—(R;;+V;V;f) is the L* gradient of the functional F™ = [, (R+ |V f|*)dm,
where now f denotes log(dV /dm). Thus given a measure m ., we may consider
the gradient flow (g;;), = —2(R;; +V;V;f) for F™. For general m this flow
may not exist even for short time; however, when 1t exists, it 1s just the
Ricei How, modified by a diffeomorphism. The remarkable fact here 1s that
different choices of m lead to the same How, up to a difeomorphism; that 1s,
the choice of m 15 analogous to the choice of gauge.
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